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TECHNICAL MEMORANDUM 

INTRODUCTION 

The purpose of t h i s  paper i s  t o  examine p a r a m e t r i c a l l y  
bo th  one- and three- impulse AV c o s t s  i n t o  (or  o u t  o f )  a c i r c u l a r  
l u n a r  park ing  o r b i t  under d i f f e r e n t  boundary c o n d i t i o n s  and t o  
determine under what cond i t ions  a three-impulse maneuver should 
be  employed. 

The three-impulse t r a n s f e r  cons idered  i n  t h i s  s tudy  
c o n s i s t s  of  t h e  fo l lowing  maneuvers: 1) t r a n s f e r  f r o m  t h e  
hyperbola  t o  a f i r s t  e l l i p s e ,  2)  t r a n s f e r  from t h e  f i r s t  e l l i p s e  
t o  a second e l l i p s e ,  3 )  t r a n s f e r  from t h e  second e l l i p s e  t o  a 
f i n a l  c i r c u l a r  parking orbi t .  The second and t h i r d  maneuvers 
invo lve  both  an  energy change and a p l ane  change wh i l e  t h e  f i rs t  
maneuver i s  cons t r a ined  t o  occur i n  t h e  p lane  of t h e  hyperbola.  

from t h e  hyperbola t o  t h e  c i r c u l a r  park ing  o r b i t  are e s t a b l i s h e d  
by s p e c i f y i n g  t h e  v e c t o r  v e l o c i t y  r e l a t i v e  t o  t h e  moon a t  t h e  

moon's sphere  of i n f l u e n c e ,  Vm, and t h e  u n i t  angu la r  momentum 
vector of t h e  d e s i r e d  f i n a l  parking o r b i t .  I n  t h i s  s tudy  t h e  
c i r c u l a r  park ing  o r b i t  i s  taken  as t h e  r e f e r e n c e  p lane .  
con ic s  were genera ted  s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  p e r i l u n e  
a l t i t u d e  be  g r e a t e r  than  40 nm. 
three- impulse maneuvers w a s  t a r g e t e d  t o  a p e r i l u n e  a l t i t u d e  of 
150  nm. The f i n a l  c i r c u l a r  parking o r b i t  a l t i t u d e  w a s  6 0  nm. 

The boundary condi t ions  f o r  t h e  t r a n s f e r  geometry 

-t 

A l l  

The approach hyperbola  f o r  t h e  

The d i s c u s s i o n  t h a t  fol lows i s  i n  t e r m s  of l u n a r  
o r b i t  i n s e r t i o n ,  L O I ,  t h a t  i s  t r a n s f e r  from a hype rbo l i c  o r b i t  
i n t o  a park ing  o rb i t .  
t r a n s e a r t h  i n j e c t i o n .  

The r e s u l t s  are e q u a l l y  a p p l i c a b l e  t o  
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THRJ3E-IIWULSE METHOD 

I f  an i n i t i a l  hyperbola and a f i n a l  park ing  o r b i t  
are assumed, t h e r e  are e i g h t  parameters necessary t o  s p e c i f y  
t h e  three- impulse geometry completely:  

1. 

2.  True anomaly on t h e  hyperbola a t  t h e  f i r s t  burn,  

3 .  

Apolune r a d i u s  of t h e  f i r s t  e l l i p s e ,  ra. 

f l A *  

True anomaly on t h e  f i r s t  e l l i p s e  a t  t h e  f i r s t  
burn ,  f l B *  

1' 4 .  Plane  change a t  t h e  f i r s t  burn,  p 

5.  True anomaly on  t h e  f i r s t  e l l i p s e  a t  t h e  second 

6 .  True anomaly on  t h e  second e l l i p s e  a t  t h e  second 

7 .  

8. True anomaly on t h e  second e l l i p s e  a t  t h e  t h i r d  

burn ,  f2A.  

f 2 B *  burn ,  

Plane change a t  t h e  second burn ,  p 2. 

burn,  f3A. 

See F igu res  1, 2 ,  3 and 4 f o r  t h e  a c t u a l  geometry. The v e r s i o n  
of t h e  three- impulse opt imiza t ion  used i n  t h i s  s tudy  c o n s i s t s  

of a three-dimensional  l i n e a r  search (1) on flA, flB and f2A.  
The t r a n s f e r  from t h e  hyperbola t o  t h e  f i r s t  e l l i p s e  i s  con- 
s t r a i n e d  t o  be  cop lana r ,  t h a t  i s  p 1  = 0 s i n c e  i t  was found t h a t  
op t imiz ing  p y i e l d s  a n e g l i g i b l e  AV advantage. Th i s  is  no t  
s u r p r i s i n g  s i n c e  t h e  b a s i c  advantage of t h e  three-impulse 
maneuver i s  de r ived  from performing t h e  r equ i r ed  p lane  change 
a t  t h e  second burn,  near  apolune of t h e  in t e rmed ia t e  e l l i p s e ,  
where t h e  v e l o c i t y  is  l o w .  These parameters  s p e c i f y  t h e  f i r s t  
burn completely and determine t h e  p o s i t i o n  and v e l o c i t y  p r i o r  
t o  t h e  second burn. 

1 

The optimum t r a n s f e r  t r a j e c t o r y  from t h e  s t a t e  a t  t h e  

The f i n a l  s t a t e  
i n i t i a t i o n  of t h e  second burn t o  t h e  f i n a l  burn i s  obta ined  by 
us ing  a method developed by Fang Toh Sun ( 2 , 3 )  . 
i s  s p e c i f i e d  by t h e  angle ,  0, from t h e  p r o j e c t i o n  of t h e  
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r a d i u s  vector a t  t h e  second burn on t h e  c i r c u l a r  o r b i t  t o  t h e  
f i n a l  r a d i u s  vector. See Figure 5. A l i n e a r  walk op t imiza t ion  

f l B ,  i s  performed on 0 ,  i n t e r n a l  t o  t h e  l i n e a r  s e a r c h  on flA, 

and f f A .  

APPROACH HYPERBOLA 

The approach hyperbola i s  opt imized e x t e r n a l  t o  t h e  
three- impulse op t imiza t ion .  Figure 6 g r a p h i c a l l y  d e f i n e s  t h e  
parameters  used t o  c o n s t r u c t  t h e  approach hyperbola f o r  t h e  
three-impulse t r a j e c t o r y .  
de f ined  by a u n i t  angular  momentum vector,  8, i s  t h e  r e f e r e n c e .  
+ d e f i n e s  t h e  out-of-plane angle  of GW. 

t h e  hyperbola.  I f  a p e r i l u n e  r ad ius  of t h e  hyperbola i s  
selected, t h e r e  i s  a c i r c u l a r  locus of p o s s i b l e  p i e r c e  p o i n t s  
on t h e  MSI cen te red  about  t h e  nega t ive  G , .  The f l i g h t  p a t h  
azimuth a t  t h e  M S I ,  a, (shown i n  F igure  6 )  d e f i n e s  a s i n g l e  
member of  t h e  family of hyperbolas de f ined  by t h e  p i e r c e  p o i n t  
locus .  Total  L O 1  AV i s  minimized w i t h  r e s p e c t  t o  a. 

The f i n a l  pa rk ing -o rb i t  p lane ,  

The MSI p i e r c e  p o i n t  remains t o  be  de f ined  t o  s p e c i f y  

It  i s  necessary  t o  c o n s t r a i n  t h e  minimum p e r i l u n e  
a l t i t u d e  of each in t e rmed ia t e  e l l i p s e  and t h e  hyperbola.  
Within t h i s  c o n s t r a i n t  it is  p o s s i b l e  t o  opt imize  t h e  hyperbola 
p e r i l u n e .  I t  w a s  found t h a t  t h e  optimum v a r i e d  between 6 0  and 
150 nm depending on t h e  va lues  of + and Vw and t h a t  t h e  maximum 
b e n e f i t  f o r  op t imiz ing  t h e  hyperbola p e r i l u n e  w a s  on t h e  o r d e r  
of 30 f p s .  Therefore ,  t o  s impl i fy  t h e  a n a l y s i s ,  t h e  hyperbola 
p e r i l u n e  a l t i t u d e  w a s  a r b i t r a r i l y  cons t r a ined  t o  150 nm. 

The optimum one-impulse hyperbola w a s  found by a 
d i f f e r e n t  method. 
c o n s t r u c t i o n .  The c o n s t r a i n t  t h a t  p e r i l u n e  a l t i t u d e  of t h e  
hyperbola  be greater than  40 nm was imposed. 
p i e r c e  p o i n t  w a s  determined by minimizing t h e  t o t a l  ang le  
between t h e  r equ i r ed  v e l o c i t y  f o r  a c i r c u l a r  o r b i t  and t h e  
pre-maneuver v e l o c i t y  vec to r .  The method used i s  d i scussed  
i n  Reference 4 .  

$, w a s  def ined as i n  the three-impulse 

The optimum M S I  
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THREE-IMPULSE AND ONE-IMPULSE AV COST 

The parameters  used to  s p e c i f y  t h e  one-impulse LO1 
w e r e  V, and 4 .  
were s e l e c t e d ,  which correspond t o  t r a n s l u n a r  f l i g h t  t i m e s  f r o m  
70 t o  1 1 0  hours  f o r  mean earth-moon d i s t a n c e .  @ w a s  v a r i e d  
from 1 0  t o  85 degrees .  The three-impulse LO1 w a s  f u r t h e r  
s p e c i f i e d  by the apolune r ad ius  of t h e  f i rs t  e l l i p s e ,  ra. 
of ra ranging from 1438.5 nm t o  12000 nm w e r e  considered.  

Values of Vm ranging from 2700 f p s  t o  3600 f p s  

Values 

F igu res  7 ,  8, 9 and 1 0  i l l u s t r a t e  t h e  LO1 AV costs for  
t h e  d i f f e r e n t  cases. When 0 i s  g r e a t e r  t han  a p a r t i c u l a r  v a l u e ,  
dependent on Vm and ra, a three-impulse maneuver i s  cheaper 
than  t h e  one-burn maneuver, w i t h  t h e  AV advantages ranging from 
0 t o  4600 f p s  depending on the  i n i t i a l  energy and apolune of t h e  
first e l l i p s e .  F igure  11 g r a p h i c a l l y  shows t h e  ranges of + i n  
which a three-impulse t r a j e c t o r y  w i l l  g i v e  a AV advantage over  
t h e  one-impulse. The large advantage of t he  three-burn technique  
is  the  r e s u l t  of t h e  r e l a t i v e l y . c h e a p  p lane  change AV a t  the  
second burn. As apolune i n c r e a s e s  t h e  cost  of t h e  second burn 
dec reases .  

As one would expec t ,  t h e  L O 1  AV cost  i n c r e a s e s  f o r  
the  three- impulse maneuver as Vco i n c r e a s e s  s i n c e  t h e  f i r s t  burn 
becomes more expensive as the  energy d i f f e r e n c e  i n c r e a s e s .  For 
a g iven  apolune t h e  i n c r e a s e  i n  LO1 AV a t  t h e  f irst  burn i s  
Q, 1 0 0  f p s  p e r  300 f p s  i n c r e a s e  i n  Vm. 

t h e  second or t h i r d  burn due t o  t h e  i n c r e a s e  i n  Vm. 

There i s  no i n c r e a s e  i n  

The  one-burn data behave d i f f e r e n t l y .  For 4 greater 
than  about  20 degrees, the one-burn AV decreases as V, i n c r e a s e s .  
Th i s  i s  t h e  r e s u l t  of t h e  optimum i n j e c t i o n  p o i n t  occu r r ing  
closer t o  t h e  minimum p o s s i b l e  plane change p o i n t ,  t h a t  i s  where 
t h e  p l a n e  change equa l s  9. Hence, even though the  r e q u i r e d  
energy change is  greater for  l a r g e r  Vm,  t h e  lower r equ i r ed  
p l a n e  change r e s u l t s  i n  a lower t o t a l  AV. 

For va lues  of 0 above about 50 degrees  it i s  imposs ib le  
t o  achieve  a one-burn L O 1  w i t h i n  t he  p e r i l u n e  c o n s t r a i n t .  A 
three- impulse t r a j e c t o r y  is  p o s s i b l e  f o r  t h e  e n t i r e  range of 
4 cons idered .  
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Figures  1 2 ,  13,  1 4  show t h e  i n d i v i d u a l  maneuver costs 
fo r  each  of t h e  three- impulse maneuvers w i t h  a Vm of 2700 f p s .  
The f i r s t - b u r n  cost ,  AVl, increases as t h e  apolune r a d i u s  of 
t h e  f i r s t  e l l i p s e  dec reases ,  Th i s  i s  due t o  t h e  i n c r e a s i n g  
energy d i f f e r e n c e  between t h e  hyperbola and t h e  f irst  e l l i p s e .  
The second-burn c o s t ,  A V ~ ,  also increases as t h e  apolune r a d i u s  
of t h e  f i r s t  e l l i p s e  dec reases .  Since t h e  burn occurs  closer 
t o  t h e  moon as  ra dec reases ,  t h e  v e l o c i t y  increment necessary 
t o  do a p lane  change t o  t h e  second e l l i p s e  i n c r e a s e s .  The 
th i rd -burn  cost, AV3, dec reases  as  ra dec reases  due t o  t h e  
smaller energy d i f f e r e n c e  between t h e  second e l l i p s e  and t h e  
f i n a l  c i r c u l a r  o r b i t .  

The scatter of t h e  d a t a  p o i n t s  about  t h e  p l o t t e d  
curves  i n  F igures  1 2 ,  13 and 1 4  i s  due t o  no i se  i n  t h e  opt imi-  
z a t i o n  of flA, flB and f2A.  T h e  l a r g e  t r a n s i e n t  i n  t h e  r eg ion  
of 0 = 55' f o r  t h e  12000 nm e l l ipse  i n  F igures  12 and 1 3  i s  due 
t o  a s h i f t  i n  t h e  optimum flA from % 0' t o  Q 50' which r e s u l t s  
i n  compensating changes i n  AV1 and AV2 t o  produce a smooth t o t a l  
AV curve.  

TIME OF FLIGHT BETWEEN THE FIRST AND THIRD BURNS 

T i m e  of f l i g h t  between t h e  f i r s t  and t h i r d  burns  i s  
a f u n c t i o n  of ra and Vm as shown i n  Figure 15 .  
t i o n  of t h e  approach hyperbola inc reases  t h e  t i m e  of f l i g h t  
d e c r e a s e s .  This  is due t o  the f a c t  t h a t  t h e  f i rs t  burn of t h e  
opt imized three- impulse maneuver tends t o  occur  a t  larger t r u e  
anomalies a t  high i n c l i n a t i o n s ,  thus reducing t h e  t i m e  i n  t h e  
f i r s t  e l l i p s e .  T ime  of f l i g h t  does no t  vary very  much wi th  
i n c l i n a t i o n  or  Vm f o r  t h e  s m a l l  f irst e l l i p s e s .  
or ies  con ta in ing  l a r g e  in te rmedia te  e l l i p s e s  have more v a r i a -  
t i o n  i n  t i m e  of f l i g h t .  The v a r i a t i o n  is a r e s u l t  of flB 
i n c r e a s i n g  as 4 increases and flB dec reas ing  as Vm i n c r e a s e s .  
The t i m e  s p e n t  i n  t h e  f i r s t  e l l i p se  i s  l a r g e r  when f l B  i s  
smaller. 

As t h e  i n c l i n a -  

The trajec- 

SUMMARY 

Three-impulse and one-impulse t r a n s f e r s  between 
h y p e r b o l i c  l u n a r  t r a j e c t o r i e s  and a c i r c u l a r  l u n a r  o r b i t  have 
been examined for a range of  hyperbola parameters  (V, and 0 ) .  
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Three-impulse AV savings  a t  LO1 have been shown t o  range from 
zero up t o  4600 f p s .  

By us ing  F igu re  1 2  i t  is p o s s i b l e  t o  determine t h e  
c o n d i t i o n s  under which a three-impulse t r a j e c t o r y  w i l l  g ive  a 
AV advantage given t h e  $ and Vm requi red .  One convenient  way 
t o  use  t h i s  d a t a  i s  t o  f i r s t  genera te  a t r a j e c t o r y  us ing  a one- 
burn LOI.  
j e c t o r y  may then  be used t o  determine i f  a three-burn advantage 
ex i s t s .  The magnitude of t h e  AV savings  may be determined from 
F igures  7 through 1 0 .  

The r equ i r ed  Vo3 and 4 o r  AVLoI taken from t h a t  tra- 

A mission t o  Tycho launched on February 6 ,  1973 has  a 
Vm of 3340 f p s  and one-burn AVLoI of  4256 f p s .  
F igu re  1 0 ,  it is  es t ima ted  t h a t  a three- impulse t r a j e c t o r y ,  w i th  
r = 10 ,000  nm launched on t h e  same d a t e ,  would r e s u l t  i n  a LO1 
AV of  only  3200 f p s .  

Re fe r r ing  t o  

a 

2013-MRK-slr 

Attachments 

H. 14. 
M. R. K e r r  
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FIGURE 2 - GEOMETRY OF FIRST MANEUVER 
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FIGURE 4 - GEOMETRY OF THIRD MANEUVER 



U 
0 

a 
0 



MOON'S SPHERE OF 
INFLUENCE (MSI) 

e----- 
POINTSFORA - 

a = FLIGHT PATH AZIMUTH AT MSI 

# = INCLINATION OF VELOCITY VECTOR TO REFERENCE PLANE OF MSI 

FIGURE 6 -GEOMETRY FOR CONSTRUCTION OF THREE-IMPULSE APPROACH HYPERBOLA AT MSI 



soaa 

8000 

7000 

6000 

In 
0 Y 

I - s 
b 

5000 

4000 

3000 

2000 

V- = 2700 FPS 

ONE IMPULSE 

THREE IMPULSE 
APOLUNE RADIUS 1438.5 N M  
(500 N. MI. ALTITUDE) 

THREE IMPULSE 
APOLUNE RADIUS 1938.5 N M  
(1000 N.  MI. ALTITUDE) 

THREE. IMPULSE 
APOLUNE RADIUS 

THREE IMPULSE 
APOLUNE RADIUS 

THREE IMPULSE 
APOLUNE RADIUS 

5000 N M  

10.000 N M  

12.000 N M  

10 15 20 25 30 35 40 45 50 55 60 

4 - DEGREES 

FIGURE 7-Av COSTS FOR ONE,AND THREE.IMPULSE TRANSFER VERSUS V- OUT OF PLANE ANGLE 



V, = 3000 FPS 

2000 I I I I I I I I I I 
10 15 20 25 30 35 40 45 50 55 60 

4 - DEGREES 

FIGURE 8-AV COSTS FOR ONE-AND THREE.IMPULSE TRANSFER VERSUS Vm OUT OF PLANE ANGLE 



9001 

800( 

700( 

6001 

L 

2 
a 

U 
I - 
. 

5001 

4001 

3001 

2001 
15 20 25 30 35 40 45 50 55 60 

4- DEGREES 

FIGURE 9-Av COSTS FOR ONE-AND THREE-IMPULSE TRANSFER VERSUS v, OUT OF PLANE ANGLE 



9000 

8000 

7o(H 

600( 

2 
U 
I 

$ 
B 

500( 

4001 

3001 

2001 

ONE IMPULSE 

THREEIMPULSE 
APOLUNE RADIUS 
1438.5 N M  
(500 NM ALTITUDE1 

THREE.IMPULSE 
APOLUNE RADIUS 

THREE-IMPULSE 
APOLUNE RADIUS 
5000 N M  

THREE. IMPULSE 
APOLUNE RADIUS 
10,000 NM 

THR E ElMPU LSE 
APOLUNE RADIUS 
12,000 NM 

I I I I I I I I I 

6 - DEGREES 

FIGURE i e A v  COSTS FOR ONE~AND THREE IMPULSE TRANSFER VERSUS v- OUT OF PLANE ANGLE 



w 
Q 
4 c z 
4 > n 
4 
> a 
w 
v) 
A 
3 
P 
5 - 
w 
w 
K 
I c 
LL 
0 
v) 
2 s 
E 
K 

r 
r 

w 
K 
3 
5? 
LL 

0 N 



2401 

220( 

200( 

180( 

2 
K 
3 m 
$ 1400 
E 
U 

1200 

1000 

800 

600 

1438.5 NM APOLUNE RADIUS 
(500) NM ALTITUDE) 

1938.5 NM APOLUNE RADIUS 
(1000 NM ALTITUDE) 

V, = 2700 f ps 

5,000 NM APOLUNE RADIUS 
0 

10,000 NM APOLUNE RADIUS.' 
0 

0 
a a 0 0 a - 

4 A A m A A 12,000 NM APOLUNE RADIUS 
I I I 

10 20 30 
I I I 

6 - DEGREES 

I I 

40 50 60 70 80 9 

FIGURE 12-FIRST BURN AV COST VERSUS V- OUT OF PLANE ANGLE 



5000 

VI n. 
U. 2800 
I 

4 z 2600 
a 
3 
m 
0 2400 
Z 
0 
2 2200 
cn 

2000 

1800 

1600 

1400 

1200 

1000 

800 

600 

400 

4800 t 
4600 

4400 

4200 

4000 

3800 

3600 

3400 

3200 

3000 
I 
- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

- 

1438.5 NM APOLUNE RADIUS 
(500 NM ALTITUDE) 

(1000 NM ALTITUDE) / / 
// 5,000 NM APOLUNE RADIUS 

APOLUNE RADIUS 

v APOLUNE 12'000NM RADIUS 

A 

0 1  1 I I I 1 I I I 

20 30 40 50 60 70 80 90 10 

4 - DEGREE 

FIGURE 13-SECOND BURN AV COST VERSUS V, OUT OF PLANE ANGLE 



2000 

1800 

1600 

140C 

120( 

1 OO( 

8 O( 

60( 

50( 

12,000 NM APOLUNE RADIUS 

- 
10,000 NM APOLUNE RADIUS 

5000 NM APOLUNE RADIUS 

V, = 2700 FPS 

1938.5 NM 
APOLUNE RADIUS 
(1000 NM ALTITUDE) 

1438.5 NM APOLUNE RADIUS 

(500 NM ALTITUDE) 

I I I I I I I I 

- DEGREES 

FIGURE 14-THIRD BURN AV COST VERSUS V, OUT OF PLANE ANGLE 



35 

30 

25 

K 
I 

k 
I 

’ 20 

!2 
U 
U 
0 
w 15 r 
I- 

10 

5 

0 

12,000 NM APOLUNE RADIUS 7 Vap= 3600 FPS 
L Vm = 3300 FPS 

7 Vm = 3000 FPS 

10,000 NM APOLUNE RADIUS 

5,000 NM APOLUNE RADIUS 

1938.5 NM APOLUNE RADIUS (1000 NM ALTITUDE) 

1438.5 NM APOLUNE RADIUS (500 NM ALTITUDE) 

10 20 30 40 50 60 70 80 90 

(b - DEGREES 

FIGURE 15-TIME OF FLIGHT FROM FIRST BURN TO THIRD BURN 


